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INTRODUCTION
The AdS/CFT correspondence [1] is a power-full tool in treating the strong coupling phenomena of a non-abelian gauge theory. This is done by mapping observables of strongly coupled field theory in a higher dimensional curved background. In [1] is established how two point functions of scalar and vector excitations of N = 4 SYM are computed by evaluating the classical action of a scalar and a vector field minimally coupled with the gravitational field on AdS 5 × S 5 geometry. Few months after the publication of this first proposal it was present in one day by Soo-Jong Rey and Jung-Tay Yee [2] and in the subsequent day by Juan Maldacena [3] another page on the AdS/CFT dictionary. They proposed that the dual picture of a staticpair consists on a semi-classical string stretched inside the AdS space with endpoints attached to the AdS boundary. This mapping allows one to find out the interaction potential by evaluating the on shell action of the dual string.
With the rise of Lattice QCD [4] [5] [6] the phenomenology of non-abelian gauge theories was enlarged. Lattice simulations shows us that for a confining gauge theory the interaction potential has a linear term for large distances, say U(r) ∼ σr+O(1), in contrast for any CFT the conformal symmetry requires the potential to be Coulomb-like, say U CFT ∝ 1/r, and there is no confinement. For a phenomenological point of view the AdS/CFT dictionary is not directly applicable to describe elementary particle phenomena and the presence of conformal symmetry is one of the reasons. A first proposal for modify AdS/CFT dictionary in order to describe QCD phenomenology was done by Polchinski and Strassler in [7] , they broke conformal symmetry through the introduction of an infrared wall and it leads to a good description for cross sections of deep inelastic scattering process. The same strategy was used to describe glueball mass spectrum [8, 9] . This scenario is now known as the Hard-Wall model and in the context of Wilson-loop it was discussed in [10, 11] for zero temperature and in [12] for finite temperature.
The success of hard-wall model in describing glueballs do not extend to the description meson spectrum, in particular for the radial excitations of the same particle. Was proposed in [13] a different way to discretize particle spectrum in the dual gauge theory by coupling the bulk fields with a background dilaton, establishing the soft wall AdS/QCD model. The extension of this proposal for the computation of Wilson loops was done in [14] and [15] .
The soft-wall model is very fine in describing light mesons, but it lacks predictability when used to describe heavy meson. Especially, for the flavorless heavy mesons charmonium and bottomonium the current experimental data [16] provides their decay constants for radially excited states. Experimental data shows that the decay constants decrease with radial excitation level, however the prediction of the soft wall model is that the decay constants are the same for all radial excitations.
The first tentative to describe the observed decay constants by considering an AdS/QCD background was done in [17] , however the model proposed in this reference in this reference is supported by an excess of fine tunning since it fits four observables with four model parameters. The article [17] motivated the search for a deep understanding of the description of decay constants using AdS/QCD as well as the role of decay constants on the behavior of mesons propagating in a hot media. It was the search for a consistent description of the observed decay constants of the heavy vector mesons that leads to the models proposed in [18] and [19] .
In order to describe the spectrum of masses and decay constants, it was proposed in [18] an AdS/QCD model where an ultraviolet cutoff is introduced in the AdS geometry os the the soft wall. The obtained background provide a consistent description of both mass and decay constant of the first four radial excitated states of charmonium and bottomonium, fitting 16 observables with only 3 model parameters and a deviation from experimental data of 30%. The case of finite temperature was treated in [20] where a very good description of the melting of bottomonium states is found, however for charmonium the melting temperature is really underestimated in this model, and effects of finite density was considered in [21, 22] .
This model was also used to describe the spectrum of light mesons [23] .
With the intention of find a more realistic description of the spectral functions of charmonium states, it was proposed in [19] a different AdS/QCD model where the soft wall dilaton is modified by the addition of a two parameter term, in this scenario there is no cutoff on the AdS geometry. The AdS/QCD background of [19] leads to very good decay constants of the first four radial excitations of charmonium and a consistent behavior of these states in the presence of finite temperature and density.
Here the AdS/QCD backgrounds proposed in [18] and [19] are tested by the presence of a semi-classical string with endpoints attached to the boundary. The string is dual to a heavy meson on the boundary gauge theory with its endpoints located at the positions of it constituent quark and anti-quark. The paper is organized as follows: in section 2 is revised the standard calculations for a classical string in the soft wall model, in section 3 the results for the soft wall are extended for the background of reference [18] and a different regularization of the interaction potential procedure is proposed, in section 4 is considered the model of reference [19] and in section 5 is dedicated to a discussion of the obtained results.
II. THE ROLE OF THE DILATON FOR A CLASSICAL STRING
In AdS/QCD models it is assumed that the AdS/CFT dictionary is still applicable if we perform continuous parameter deformations of Anti-de Sitter background. The soft wall model do it by coupling the bulk fields with a dilaton φ(z) = k 2 z 2 , where k has dimension of energy. We use Poincaré coordinates (t, x, z) to describe the AdS 5 , where (t, x) ∈ R 1,3 are
Minkowski coordinates, z ∈ (0, ∞) is the holographic coordinate and the metric is
In order to compute the expected value for Wilson loop operator in the dual gauge theory it is necessary to understand how to appropriately couple the action of the string with the dilaton field φ(z). For the soft-wall model this discussion was done in [14] , where the authors concluded that Lagrangian should be coupled with the positive exponential of the dilaton field
where g ij is the metric in eq.(1). The heavy meson is dual to a string with endpoints attached on the locations of its quark and anti-quark that we place respectively at x q = (r/2, 0, 0), and xq = (−r/2, 0, 0). The symmetries of the bulk geometry allows a simple parametrization of the world-sheet using
Taking the limit T → ∞ we have that W ∼ e −T U (r) and the AdS/CFT dictionary maps W = e −S , hence we have that the interaction potential for thepair is just given by
Positiveness of the exponential is necessary in order that the function e φ /z 2 to have a minimum in some z m , which is the criteria for confinement in the dual theory [24] . The world-sheet configuration is found via classical mechanics treatment, an expression for z
in therms of a conserved Hamiltonian is obtained where the spacial direction x plays the role of time. For the soft wall model it was done in [14] , in the present article the same approach is apply to the AdS/QCD models of [18] and [19] .
III. SOFT-WALL WITH A ULTRAVIOLET CUTOFF
In this section we analyze the AdS/QCD background proposed in [18] where a ultraviolet cutoff is placed on the AdS geometry. The proposal of [18] is that two point correlation functions are evaluated at a slice of AdS at finite location, z = z uv in Poincar coordinates. Here we are not interested in the details of the shape of the world-sheet but on its global
property that for a given separation of its endpoints the string reach a maximum position z m in the holographic coordinate. The new boundary condition at z uv affect the expression for separation distance r as a function of the deepest point the string goes in holographic coordinate z m by replacing the lower limit in the integral. It is straightforward to obtain that in the present AdS/QCD background the distance between the quark and anti-quark is given as a function of z m by
We show in Figure 1 the behavior of r(z m ) in this background for five different cutoff scales, in all plots of this paper distances are in units of GeV of the dilaton coupling k the combination k 2 z 2 uv cannot reach the unit so z uv < 1/k. It fix a infrared wall at z wall = 1/k that is independent of the cutoff location. The present analysis shows a strong consistence of the model by creating a direct rule to separate the two energy scales k, 1/z uv . In the presence of a semi-classical long string the dilaton creates a potential barrier in such a way that no piece of the string can go deeper in AdS then z m . When the cutoff is established behind z wall = 1/k the integral for the length of the string gets an imaginary part which is inconsistent with physical requirement that classical observables are described by real valuated functions, hence the energy scale 1/z uv is bounded from below.
This separation of scales in the model was expected in the original proposal but in the previous considerations there was no mathematical criteria for it.
A. Regularizing the Energy
To compute interaction energy one needs to regularize the divergent integral for the classical string action. In the original proposal [2, 3] the regularization is done by subtracting twice the action of a string stretched from z = 0 up to z → ∞ with boundary coordinates keep constant. It was interpreted as subtracting the divergent masses of the infinitely heavy quarks. The quark mass is prescribed to be given by the action, normalized by the time integral, of a static string stretching up to z → ∞ and in this context the presence of the dilaton generates a divergence in the upper limit of the integral ( ∞ e φ /z 2 ). At the other hand, in the z → 0 limit it drives to the correct subtraction for the soft wall model where e φ → 1 on the boundary. In the regularization used in [14] it is used as divergent quark mass m ∼ dz/z 2 , that corresponds to a world sheet action of a string stretching up to z∞ with the dilaton "turned off". However it is not the case neither in the model with ultraviolet cutoff where e φ → e k 2 z 2 uv on the boundary nor in the modified dilaton background, eq. (11), where e Φ → e on the boundary.
Our proposal for regularization is based on the fact that at a given pair separation the string representing the meson penetrates the AdS space up to z m . We prescribe that the string associated with the quark mass of a meson constituent will fell the effect of the dilaton only on the region z ≤ z m of AdS space. We turn-off the dilaton coupling with the string representing the constituent quarks outside the region explored by the string representing the binded quarks of the meson. Within this assumption the quark mass that will be subtracted is given, in the present model, by
Using this regularization, the dual interaction potential for thepair will be given by
(S − 2m q ) and can be expressed as a function of z m as
In order to analyze the effect of the cutoff on this model we compute both r(z m ), U(z m ) by performing numerical integration for a discrete set of values for z m that parametrizes the curve {r(z m ), U(z m )} in the {r, U} plane. The results are shown in Figure 2 . The cutoff breaks conformal symmetry on the ultraviolet, the potential is not Coulomb like in the r → 0 limit, instead it reach a constant and finite value. Moreover, as we take z uv → 0 the constant value of the regularized potential at r = 0 assumes greater negative values which is consistent with the behavior U(r) ∼ −1/r for small r in the soft wall model where z uv = 0. The results in Figure 2 shows clearly that the effect of the cutoff is to regularize the short-distance divergence of the quark/anti-quark potential.
B. Finite Temperature
In the context of Wilson loops, thermodynamical effects was discussed for the soft wall model in [15, 25] . In [15] is shown that to find the critical temperature all one need to do is to look at the curve r(z m ): in the confined phase we have that r → ∞ for finite z m while in the unconfined phase r(z m ) is limited from above. This is a very nice procedure since is completely independent of the regularization of the interaction energy and is used here for discussing the meson dissociation. The geometry dual to a finite temperature medium is given, in Poincaré coordinates, by
There is an event horizon on z h , so z ∈ [z uv , z h ) for the present model. The dual theory lives on the slice at z = z uv and hence we need to rescale the time coordinate in order to obtain a Minkowski metric on this slice and this leads to a rescaling of the temperature of the dual gauge theory:
For the black-brane geometry one take the warp factor f (z) on the equations of motion and in this case the solution for the boundary condition z ′ (x)| zuv → ∓∞ is not unique.
Moreover there is two class of solutions depending on the location z h of the black-brane, when z h > z critical there is two solutions with different z m and when z h ≤ z critical we have one solution given by a connected world-sheet and one solution given by two disconnected strings stretching up to z h . It is the semi-classical nature of the string that allows it to "choose" its static configuration to be the one with lowest energy, in such a way that if the horizon location z h continuously cross z critical from above the connected configuration breaks down and the world-sheet becomes two straight lines stretching only in the z direction. This processes correspond in the dual gauge theory to the dissociation of the dual meson when the temperature increase above a critical temperature T c = T (z critical ) and we refer to T c as a dissociation or melting temperature of the meson. It is usual to interpreted T c as the critical temperature for the formation of the quark-gluon plasma, it happens when model parameters are by the data of a light meson, whose dissociation is responsible to the plasma formation. In the present case model parameters are set in order that the string represent the heavy meson charmonium so that the braking of the semi-classical due to the black-brane geometry string represent here the charmonium dissociation due to the hot plasma.
To find the critical temperature we plot the separation distance as a function of z m for many horizon locations, at the critical value z h = z critical the curve r(z m ) ceases to be disconnected to become connected providing the value for critical temperature using eq.(9).
The relevant expression in this procedure is the quark/anti-quark separation distance as a function of z m which in the present background is given by The dependence of critical temperature on cutoff scale z uv is explored by fixing the dilaton coupling k = 1.2GeV and taking representative values of z uv , we show the results in Figure   3 . The dissociation temperature is low sensitive to the location of the ultraviolet cutoff as one can see in the plot. The small increasing when z uv approach the location of the wall 1/k is a consequence of eq. (9) where the scaling factor 1/ f (z uv ) becomes relevant.
IV. A MODEL FOR CHARMONIUM
The background with ultraviolet cutoff provides a very good description of bottomonium states in finite temperature [20] and density [21] . However the results for charmonium are not so good, the melting temperature is underestimate and the reason is that the obtained decay constant of J/Ψ is 40% smaller in comparison with experimental data. To find a consistent model for charmonium at finite temperature it is necessary a precise description of the decay constants. With this purpose it was proposed in [19] an AdS/QCD model consisting of a modification of the soft-wall by a new term on the dilaton replacing φ(z) = k 2 z 2 by
Model parameters that fit charmonium data was found in [19] to be k = 1.2GeV, M = 2.6GeV, √ Γ = 0.75GeV and we take these as reference values for testing the response of the model on the extra parameters M, √ Γ.
The expression for the distance between the quark and the anti-quark involves the new dilaton and is given as a function z m by
We plot the distance separation as a function of the deepest location z m of the string for M, √ Γ is similar to what is found when analyzing the shape of the world-sheet of a rotating string considering corrections on AdS geometry by taking the finiteness of t'Hooft coupling λ or considering a Gauss-Bonnet term with coupling λ GB as presented in [26] .
Regularization of interaction potential was discussed in the previous section, where was defined a subtraction of a dressed quark mass m q that depends on the separation distance of the pair. In this model there is no cutoff on the geometry and the regularizedinteraction energy is
In order to obtain the profile for the interaction potential as a function of the quark anti- As in the previous section, we apply the procedure of [25] to find the critical temperature for the heavypair dissociation. The relation of separation distance and the point of maximum in z direction for the string is very similar with the one find in the previous section, but this time there is no cutoff, say z uv = 0, and we have an alternative dilaton profile Φ(z) resulting in
With this expression and following the strategy described in [25] in the holographic direction, representing in the gauge theory the dissociation of the meson due to the hot media.
V. DISCUSSION
Then spectrum of radial excitation of a meson involves not only the masses but also the decay constants. The decay constants appear explicitly in the meson propagator
n +p 2 , where m n , f n are respectively the mass and decay constant of the radial excitation. The available experimental data for charmonium and bottomonium let us know the decay constant spectrum for excited states of these particles and it becomes evident they decrease with excitation level. The program of finding a way to accommodate this experimental fact on AdS/QCD models leads to the proposals on [18] and [19] , and when analyzing these models at finite temperature it called attention that the melting temperature of the quasi-particle states are always close to the value of its decay constant. This is physically expected since the meson propagator is the zero temperature limit of the spectral function, so the stronger the divergence at zero temperature the stronger the peak at finite temperature.
One can note in Figures 3, 8 and 9 that for a wide range of the parameter the critical temperature change less them 10%. It is important to remember that soft wall model is recovered in the limit z uv → 0 and M → ∞, √ Γ → 0. So, it was obtained here that holographic calculations for staticpair on these models leads to a dissociation temperature that is not very sensitive to the additional energy scales. What is happening here is that the quark/ anti-quark pairs dual to the string configurations we analyze are static and infinitely heavy. Even for heavy vector mesons the finiteness of the constituent quark masses are relevant in describing these hadrons as well the dissociation of the meson in the hot plasma is not a static process. The models we analyze are build by deforming the ultraviolet region of the soft wall but, at the same time, on the approach we consider here the melting temperature is related with the location of the infrared wall. This is the reason why both models presents a critical temperature varying slowly in a wide range of the parameter space.
A comparison of the results points in the direction that the computation of Wilson loop in static configurations will not provide a good description of the phenomenology of heavy mesons propagating in a hot plasma. Something similar have been noted before in [15] where they considered Wilson loop of static quarks to compute the melting temperature of ρ meson in the soft wall and they obtained a underestimated critical temperature in comparison with experimental data, while spectral functions obtained for the same model in [27] gives a reasonable critical temperature of 190MeV. The same picture is found for the background of reference [19] where the spectral functions obtained provides good estimation of the critical temperature for charmonium dissociation, that is near 400MeV, while the present calculations using Wilson lines underestimate the critical temperature to values lower them 250MeV. Our opinion is that in fact it indicates that in order to model the behavior of meson in a plasma in a direct way using the AdS/QCD dictionary one should do it by computing two-point correlation functions. However, if one want to use Wilson loop operator to model the dynamics one should take into account the creation and annihilation
